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Ramon, in  1922  (10), pointing out the apparent advantages of having an in vitro 
method of titrating diphtheria antitoxin, and recalling that previous authors (3) had 
used the precipitation technique to achieve an approximate titration of the strength 
of antisera (such as the antivenins), reported his discovery that diphtheria toxin and 
antitoxin,  when  mixed  in  the  proper  proportions,  would  precipitate  (focculate) 
specifically.  He  proposed a  method  of titration, now known  by his name,  which 
consisted in mixing in successive tubes a fixed amount of toxin with decreasing amounts 
of antitoxin.  He stated that the precipitate from the one of such  mixtures which 
flocculated fastest  was  "neutral,"  as  demonstrated  by injection into  guinea  pigs. 
He therefore suggested that the method could be used to compare the strength of two 
different antitoxins, by titrating them in vitro against the same toxin.  In Ramon's 
method the total volume of liquid in the various tubes was not quite the same, as no 
compensating amount of salt solution was added to the tubes receiving less antitoxin. 
In 1926, Dean and Webb (4) introduced a similar titration, but with a  rather im- 
portant difference.  They made mixtures containing the same amount  of antibody 
with  successively decreasing amounts  of  antigen  (the  volume  in  their  case  being 
kept constant by addition of the proper amounts of saline), determined the time re- 
quired for the production of floccules just visible to the  naked eye  in the  various 
tubes, and called the tube which flocculated in the shortest time the optimum tube. 
The ratio (dilution of antigen/dilution antiserum) found in this tube was called the 
optimum proportions ratio.  Dean and Webb considered that this ratio had a definite 
significance because (a) the same ratio was (usually) obtained even though a different 
amount of antibody was chosen to be placed in each of the series of tubes (though of 
course in this case the time required for the  "optimum" tube would be different), 
and  (b)  the supernatant from mixtures of antibody and antigen mixed in optimum 
proportions, examined after flocculation, was found to be neutral, that is, to contain 
no detectable antibody or antigen, or only a trace of both. 
It is not immediately obvious whether the Dean and Webb optimum (called the 
a  optimum by British writers) would coincide with the Ramon optimum (designated 
as  13),  if  both  were  determined  for  the  same  antibody-antigen system.  Certain 
workers have  experimentally determined both  in  a  number  of cases  (5,  8,  11-13), 
and  found  that  the  two  ratios are  not  the  same.  1  The  difference between  them 
* This investigation was carried out with the aid of a grant from The Rockefeller Founda- 
tion.  We are grateful also to the Lederle Laboratories for the gift of some serum. 
i Timmerman, (14), working with toxin-antitoxin mixtures, obtained, by abandoning the 
principle of equal volumes,  an essentially artifactual coincidence  of the two ratios.  This 
does not seem to us to bear on the arguments to be presented here. 
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varied  with  different  systems.  If the  ratios  are  written  as  the  fraction  (antigen 
dilution/serum  dilution)  (or, which is equivalent),  as (antibody concentration/anti- 
gen concentration), the/3 ratio is the larger and may be anywhere from about 1.1 to 
20 or occasionally about 30 times the a  ratio.  It has also been found  (1) that with 
certain sera, especially certain rabbit sera, which exhibit well marked a  optima, no 
/3 optimum could be obtained with them, or if it were obtained, it varied in a rather 
erratic  manner  when  different  absolute  concentrations  of reagents  were  employed 
(differing in this  respect from the ot optimum).  In the paper just  referred to  (1), 
Boyd suggested that antisera could be classified into two main types, one of which 
(the H type) gives an optimum by either the a  or/3 procedure, the other (the R type) 
yields an optimum only when tested by the a  procedure.  The designations H  and 
R  were of course intended to suggest horse and rabbit, but it was found that many 
rabbit sera were of the H  type, and it is not unlikely that some horse sera may be 
found to be of the R type. 
In these experiments (1), complete "checkerboard" experiments were carried out 
with each system, that is,  each successive dilution  of antiserum was tested with all 
possible dilutions  of  antigen  (subject  to  the  limitation  of using  only stated  steps 
(1:1.5)  for the dilutions,  and  of not  trying to observe mixtures which  took longer 
than la~ hours to flocculate).  By reading any given row of the resulting table (con- 
stant  antibody)  across,  and  observing  the  minimum  in  time  of  flocculation,  the 
optimum was obtained,  and by reading any column  (constant antigen)  downwards, 
the/3 optimum, if any was obtained.  The experimental technique has already been 
described  in detail  (1). 
The  present  experiments  were  undertaken  to  clarify  the  question  which 
does not seem ever to have been explicitly answered; i.e., is the difference  between 
the a  and {3 optima intrinsic in the experimental methods employed, or could they 
sometimes, with certain systems, coincidd  A number of workers have privately 
expressed the opinion that they ought really to be the same, at least if a  serum 
containing  pure  homogeneous  antibody  were  employed,  and  others  have  ex- 
pressed doubt as to which optimum, if either, has absolute significance, if they 
are not intrinsically  the  same.  Taylor remarked  (12)  "Why the proportions 
of the  two reagents yielding  optimal particulation  in titrations  by Dean  and 
Webb's  method  are  not  the  proportions  which  yield  optimal  proportions  in 
reverse  (i.e.  Ramon)  tests,  I  cannot  say."  It is true  that in a  paper already 
referred to (1), one of us stated "...  it is clear that these two optima can never 
actually  coincide."  However,  no  proof,  other  than  the  exhibition  of  the 
results obtained with 20 different antisera and their antigens, in which the two 
optima definitely did not coincide, was adduced to support this statement, and 
apparently  some  workers  have  remained  unconvinced.  It  is  proposed  here 
to produce the requisite proof. 
EXPERIMENTAL 
Our first example is a  horse-antiprotein  (hemocyanin)  antibody,  where the 
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they  might  reasonably  be  expected  to  coincide,  if  they  ever  do.  The  suc- 
cessive dilutions were made in steps of 1 : 1.2, so as to enable the relation of the 
two optima to be seen more readily.  The results are shown in Table I. 
If the reader will examine the results of Table I, we believe proof that the 
~z and fl optima are necessarily different will be seen.  Consider first the tube 
200-222, 2 which  required  32½  minutes  to  flocculate.  This  tube  contained 
antibody and antigen mixed in the (a) optimum proportions.  However, there 
are two important observations we can make: (a) the same amount of antigen 
TABLE I 
Times of Flocculation of Various Mixtures of Antigen and Antibody 
Micrograms 
of antibody 
nitrogen 
500 
416 
346 
288 
240 
200 
166 
138 
115 
96 
80 
1154 
rain. 
92 
Micro  rams of antigen nitrogen 
94½145½133½ [ 22  121t[  19 
106  I 63  23½ [  23t 
32]  267 
miz  rain. 
231 
26  21~ 
52  29t 
51~  4it 
li8  54½ 
>~  79t 
222 
mln, 
>90 
>9O 
23½ 
27 
27t 
32t 
39~ 
6O 
78½ 
154 
mln. 
,90 
57 
48½ 
41½ 
38 
47 
64 
77½ 
112 
128 
•in. 
.90 
59t 
57½ 
49t 
5~ 
54½ 
64 
80 
74  62 
rain  rain. 
87  >90 
77t  105 
The amounts  of antibody  shown in rows  and  antigen (shown in  columns) were mixed in 
such a way that the  total  volume was in  each case 1.0 cc.  The mixtures were transferred  to 
small tubes such that the column of liquid was about 6 cm. high, and immersed about ~  in a 
water bath at 40°C.  The time required  for the  first  appearance of visible discrete particles of 
precipitate  is given for each mixture.  If flocculation required  longer than 90 minutes the time 
was generally not taken. 
nitrogen as was contained in this tube (222 #g.), can be induced, by mixing it 
with  more  antibody  (tubes  240-222,  288-222)  to  flocculate faster,  (b)  tube 
200-222  is by no means unique in flocculating in 32½ minutes.  A number of 
other mixtures, such as tubes 346-222,  and 416-666,  also required just about 
32½ minutes to flocculate.  In other words, practically any tube has (at least 
potentially) a numerous fellowship of isochronous tubes, all containing different 
mixtures of antibody and antigen, but all flocculating in the same time.  Point 
(b)  is best illustrated, perhaps, by noting mixtures which flocculated within a 
minute or so of 1 hour.  We see that this fellowship includes tubes 346-555, 
138-222,  115-107,  200-128,  228-154,  346-185,  and 500-267,  and doubtless a 
2 Tubes are referred to by giving first the amount of antibody present, then the amount of 
antigen  (both  expressed as micrograms of  nitrogen).  The  total volume was in  each case 
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number of other mixtures not actually tried, since in some rows we see pairs 
of adjacent tubes, differing only in the amount of antigen added, which floc- 
culated on the one hand in less, on the other hand in more, than 60 minutes. 
In the paper by Boyd (1) it was proposed to characterize each flocculating sys- 
tem by the system of contour lines (isochrones) which can be drawn at arbitrary 
intervals  through points  of equal  time  in  a  "checkerboard"  table  such  as 
Table L  The time intervals chosen were 1, 2, 4,  8,  16, 32, and 64 minutes, 
which gave a  series of parabola-like contours spaced at approximately equal 
intervals.  Eliminating non-essential  irregularities,  the  general  appearance, 
for sera of the H type, is shown by the present Fig. 1. 
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FIG. 1 
Now we may consider the reason why the ~  and fl optima always differ. 
Essentially it is because the two experimental procedures ask different questions of 
nature (which is in this case the flocculating system).  The a  procedure takes 
a constant amount of antibody and asks: what is the amount of antigen (volume 
remaining constant) which will give maximum speed of flocculation?  The 13 
procedure takes a  constant amount of antigen, and asks instead, what is the 
amount of antibody (volume constant) which gives maximum speed of floc- 
culation?  In the former case we are treating antibody as the precious com- 
modity involved in attaining speed of flocculation, with no limit to the amount 
of antigen we may care to use, in the latter we are  treating antigen as  the 
precious commodity, allowing ourselves as much antibody as we like.  It is not 
surprising that the two questions get different answers since both reagents, 
within limits, speed flocculation.  If we carry a bit further the point of view 
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another optimum, different from either the a  or fl optimum,  which,  unlike 
them, in any fellowship of tubes all flocculating in a given number of minutes, 
really is unique.  That is the tube which contains amounts of antibody and 
antigen such that the product, (antibody concentration X  antigen concentra- 
tion), is a minimum.  Let us designate this as the e optimum.  (For mnemonic 
purposes we may consider that ~ stands for eu-optimum). 
Formal proof of the difference between the three optima may be given, if we 
start with the following premises, all of which are well established by the ex- 
perimental results in the various papers referred to above (1,  2,  4, 5, 8-13). 
(a)  Speed of flocculation is increased, up to a certain point, by increased con- 
centration  of antigen;  further increase  results  in a  slower flocculation.  (b) 
Speed of flocculation is increased, up to a certain point, by increased concen- 
tration of antibody.  Further increase may slow floeculation (H type serum), 
or leave its rate substantially unchanged (R type).  (c)  With either antibody 
or antigen constant, the ratio in which the two reagents are mixed markedly 
influences the rate of flocculation, so that neither reagent, even though con- 
centrated,  will flocculate without at least a  minimum  amount  of the other, 
and  with  such  minimum  amounts  flocculates only slowly. 
In  speaking  of such  experiments, we shall  make  use  of the  terminology, 
especially common in bacteriology, which calls an antigen which has a suitable 
amount of antibody combined with it, "sensitized."  By using such a locution 
we do not, however, mean  to commit ourselves to any particular theory of 
serological reactions. 
Returning now to Table I, let us consider the case (illustrated by tubes 346- 
463, 346-385, 346-321,346-267) where the a  procedure does not yield a unique 
optimum, but two or more adjacent tubes run a "dead heat."  We are forced 
to conclude that the true a  optimum lies somewhere between them.  The tube 
on the extreme left, obviously, has somewhat too much antigen in it,  (which 
makes it slower than the optimum (principle (a)); the tube on the right has 
somewhat less than enough, and is slower than the optimum because of insuf- 
ficient  antigen  being  present  (principle  (b)).  Ultimately  in  each  case  we 
choose between two tubes, one containing a certain amount of antigen without 
sufficient  antibody  ("inadequately sensitized"),  and  the  other  insufficient 
antigen which, however, is more adequately "sensitized."  The extent of the 
differences is partly determined by the coarseness or fineness of our steps of 
dilution.  However, no matter how much we increase the fineness of our steps, 
the choice still comes up, and after a certain point increasing fineness of steps 
of dilution is counteracted by factors (a) and (b) above, and the apparent size 
of the isochrones is increased by mere expansion of the scale on which the fig- 
ures are plotted, and the number of cases in which adjacent tubes flocculate 
in the same, or so far as we can tell nearly the same time, is increased. 
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which contains a  certain amount of antigen inadequately sensitized, and the 
other the same amount of antigen "supersensitized."  It is true that, in this 
case,  by making  the  steps  of dilution fine enough, we may find the  true 
optimum, that is,  the amount of antibody which, mixed with an amount of 
antigen, gives fastest flocculation (assuming our serum is of the H  type, and 
there is a/~ optimum).  But, if all possible mixtures are considered, we can 
never get the ~ optimum by the ~  procedure, for by our technique of always 
using  the  same  amount  of antigen  we  are precluded from testing  mixtures 
containing  less  antigen,  but  flocculating at  the  same  rate.  To  find  the  e 
optimum,  we have  to  take  time,  not  antigen  or antibody,  as  the  constant 
factor, and vary the other two parameters. 
Since the a  and/~ choices are not the same, the mixtures selected by the two 
procedures will not be identical.  They will lie farther apart or closer together, 
the smaller or greater the slowing effect of excess antibody on the flocculation 
rate near the optimum.  This greater slowing effect will be reflected in greater 
eccentricity of the parabolic isochrones. 
The intrinsic difference of the various optima is thus  seen to be merely a 
consequence of the method used to detect them, or, at base, the difference in 
our definition of them.  Therefore, although most actual sera represent mix- 
tures of antibodies more or less diverse, there is no reason to think the dif- 
ference in the optima would not be observed even with a completely homogene- 
ous antibody, as there is every reason to believe that for such an antibody and 
its antigen the principles (a) and (b), enunciated above, would still hold. 
We  may  illustrate  the  situation  by  the  following  hypothetical  analogy. 
Suppose we have a submarine which is running on the surface and consequently 
has an unlimited supply of oxygen.  It will burn in its motors that mixture of 
oil and oxygen which gives maximum energy from a given weight of oil.  This 
corresponds to one of our optima, say the a  optimum.  The same submarine 
on the planet Juxitos,  3 running submerged in an ocean of fuel oil (supposing 
problems of exhaust and so forth solved), and carrying its oxygen in compressed 
form, would burn  that  mixture which  gave maximum  energy from a  given 
weight of oxygen.  This might be a  rather different mixture  from the first, 
and could be said to correspond to the ~ optimum.  To continue the analogy, 
the submarine, running submerged in water, and carrying both its fuel oil and 
oxygen, would burn that mixture which made the expression (energy/(weight 
of oil X  weight of oxygen)) a maximum.  This would be our e optimum.  4 
8  This planet is not a  member of our solar system (or of any other). 
4 We do not have at hand any data on the performance  of the motors of modern submarines. 
That the hypothetical situation outlined corresponds to something real may, however, be 
learned from sources such as (6),  where it is stated on page 102  that maximum efficiency 
(in the use of gasoline) is attained by modern 6 cylinder automobile engines when the ratio 
by weight of air to gasoline is about 16.3.  Greatest power, however (economy of gasoline 
being disregarded) is obtained when the ratio is  13.1.  The ratio corresponding to  our 
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The  difference  between  the  two  optima  can  be  seen  rather  simply  from  a 
mathematical  point  of  view  if  we  assume  that,  in  the  ideal  case,  the  lines 
connecting points  of equal time  (isochrones)  would be  (for an H  type serum) 
real parabolas,  all of the same shape, spaced at  (equal) intervals which depend 
on the times of flocculations studied.  These parabolas  will all have the same 
equation,  differing only by the value of a  constant. 
For the sake of mathematical simplicity, let us take the parabola 
y  =  x  2.  (1) 
Since it  is  the custom to plot  times of flocculation  with antibody and antigen (concentra- 
tions  rather  than  dilutions  will  be  more convenient here)  as  coordinates,  and since  the  concen- 
tration  of  antibody  increases  upward and that of  antigen towards the  left,  to  orient  our  para- 
bolas properly we must transform the simple equation above so as to obtain 
x  +  y  +  a  =  ~/2-/2(~  -- 2~y +  y~)  (2) 
where a  is a  constant.  Equation  (2) is the general equation of all of the curves shown in 
Fig. 1.  For the lowest parabola in Fig. 1, which goes through the point x  =  0, y  =  0, a has 
the value zero. 
From equation (2) we can find the point corresponding to the optimum (lowest point of 
the isochrone), by differentiating for x and setting dy/dx  =  O.  We obtain the equation 
y =  x-  v'Yl2  (3) 
Substituting  in the equation of the curve, we obtain,  for the lowest parabola shown (a =  0) 
z =  0.53,  y =  --0.177 
For the  next  parabola  up (a =  2) we get 
x  =  1.53, y  =  0.823 
and so on. 
The points corresponding to the $ optimum are found by calculating dx/dy and similarly 
setting it equal to zero.  We obtain the equation 
y  ffi x +  W/2-/2 
and the various $ optima are: z =  0.177, y  =  0.53; z  =  0.823, y  =  1.53, etc.  We see that in 
general, for such parabolas,  at the a  optimum 
y  -  x  =  -~/r/2 
and at the ~ optimum 
y  -  x  =  x/Y/2 
Since we have plotted the concentrations logarithmically (i.e., we have used a linear scale, 
although each concentration is actually greater than the next lowest by the factor d), we have, 
where iogd means logarithm to the base d, 
x  =  1ogd ((concentration antigen)/k) and y  =  logd ((concentration antibody)/k') 
The constants k and k' depend primarily on the choice of the origin for the axis and abscissa, 
and the units in which the concentrations are expressed.  Obviously k has the value, (con- 
centration  antigen),  at  the point where x  =  0, and  k'  =  (concentration antibody)  where 
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To calculate actual concentrations  from x and y, we may write 
(concentration  antigen)/k  =  antilogd  x,  or 
(concentration  antigen)  ffi  k  antilogd  x,  and 
(concentration antibody)  ffi k' antiloga y 
Letting  k'/k  ffi  K, we  have 
(concentration  antibody)/(concentration antigen) ffi K antilogd  (y -- x) 
Thus we  see  that  at  the a  optimum the ratio, (concentration  antibody)/(concentration 
antigen) 
ffi K  antilogd (--  %/2"/2) 
and at the ~  optimum 
ffi  K  antilog~ (%/2-/2) 
The ratio of the two ratios, t/a, will be simply 
antilogd 
For  an experiment carried out like Table I  (d --  1.2), were the isochrones to 
be substantially the same shape as in Fig. 1, this would give a ~/a ratio of about 
1.29. 
This does not agree too well with the ratio of about 1.11 obtained from the 
results of Table I, but the isochrones for this system seem to be more eccentric 
than the parabolas in Fig. 1, so that the two optima would be expected to be 
closer together.  From an experiment carried out with serum A633 and Busy- 
con hemocyanin (Table II), in which the dilution steps were 1.5, the ~/a ratio 
averages 1.76, which is in good agreement with the expected antilogl.5 ~/2  = 
1.78. 
The true value of the e optimum can be found from equation (2) by setting 
the equation (xy) -- minimum, substituting,  differentiating, and solving.  As 
the figure suggests, it turns out that the ~ optimum is obtained when x  =  0, 
y=  0;x=  1, y=  1;x=  2, y=  2; etc.  It thus differs from both theaand 
optima, the ratio e/a being of course antiloga ~/2/2. 
In the ordinary "checkerboard" table,  the ~ optimum would be found by 
drawing any line diagonally at an angle of 45 ° (from low antibody concentration 
to low antigen concentration) noting the lowest time lying on this line, and 
computing  the  corresponding  ratio  (concentration antibody)/(concentration 
antigen).  It must be admitted that the e optimum, though possibly of more 
theoretical significance than either the a  or fl optima, is not likely to acquire 
any great practical importance, because of the difficulty which would usually 
be experienced in determining it.  With  systems which yield very regularly 
shaped  isochrones, however, it  could be computed from either of the  other 
optima.  This  will  unfortunately usually  only be  possible  with  sera  of  the 
extreme H  type, however, where a, 8, and ~ optima differ from each other in 
any case by only a  small amount. 
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discussed (1).  In many systems, as we mentioned at the outset, it has been 
found  that  the  mixture, giving  most  rapid  flocculation according  to  the  o~ 
(or sometimes the/~)  procedure, was neutral.  However, this  is  not  always 
true, and Burnet, using the a  procedure (2) found most rapid flocculation of 
staphylococcal  toxin  and  antitoxin  in  mixtures  containing  some  antibody, 
and Malkiel and Boyd (7) found in two hemocyanin-antihemocyanin systems 
that most rapid flocculation occurred in mixtures in which antigen was in excess. 
That the optimum mixture often falls in the equivalence zone, however, can- 
not be denied, and it has been suggested (1) that the reason may be that both 
most  rapid  flocculation and neutrality depend at least  somewhat on partial 
TABLE II 
Times of Flocculation of Mixtures of Antibody and Antigen 
i.~o  ~ o~  Micrograms  antigen  nitrogen  of 
~vz 
tg~ ,.  ]  0  a  3755  2500,1665  1110  740  94 
470 
313 
209 
139 
93 
62 
41 
28 
18 
12 
8 
493  329 
rain.  rain.  rain.  rain.!rain,  rain.  rain. 
<t  <I  <t  <t  <t  <I  1 
<t  <t  <t  <I  <t  1½ 
>90  3  <t  <t  I 
>90  <t,  1tl  11 
>90  28  >5 
>90  34 
r 
I 
/  i 
212  142  94 
rain.  rain  rain. 
11  4i  17 
1½  2  6t 
5  2i  5 
6t  4  5 
641  t2  71 
>90  47  11 
>90  35 
63  42 
rain.  rain. 
>90 
>90 
26½  >90 
12  341 
6½  tT½ 
7  11 
n  12~ 
17½  12½ 
>90  36t 
>90 
28 
.tin. 
>90 
63 
24  57½ 
19  40t 
16½  19 
31  15t 
59  24} 
19  12  8.3 
rain.  rain.  rain. 
>90 
>911 
48{t  :>90 
22½  63 
30  45½ 
5.5  3.7 
m~n.  .tin 
71  >90 
or  complete coverage of the  surface  of the  antigen  molecules by antibody. 
This  is  conceivable whether  we  follow  the  older  (Bordet,  etc.)  theories  of 
serological reactions, or whether we adopt the "alternation-lattice-framework" 
theory, as can be seen from remarks of Pauling (9). 
Since the a  or ~ optimum, and sometimes both, may lie in the equivalence 
zone, it therefore follows that the e optimum, which falls between the ~ and/~, 
must also often lie in the equivalence zone.  In systems possessing character- 
istics such that the isochrones were broad (of low eccentricity) and the a  and 
optima far apart, it might sometimes be found that the e optimum was a better 
guide  to  a  truely neutral  mixture.  The  labor  of  determining  it,  however, 
would be fully as great as a  direct determination of the equivalence zone, so 
it is hard to see what advantage there would be in such a  procedure.  The 
significance of the ~ optimum, therefore, seems likely to remain chiefy theo- 
retical.  Its  introduction here,  in  fact,  has  been  chiefly for the  purpose  of 
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SUMMARY 
The fact  that the optimum proportion flocculation  ratio  is different  when 
determined by the a (Dean and Webb) and/3 (Ramon) procedures is  pointed 
out.  It  is  demonstrated that this  difference  is  a consequence of the difference 
in the two methods, and that the two optima, though they may in certain 
cases  lie  near together,  can never coincide.  A new ratio  (the e ratio),  inter- 
mediate between the a  and/~ ratios, and having theoretical advantages over 
both  of them, is defined. 
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